Evolution of the mass-richness relation for the redMaPPer catalog by Hurier, G.
Astronomy & Astrophysics manuscript no. LM_evo c© ESO 2019
April 17, 2019
Letter to the Editor
Evolution of the mass-richness relation
for the redMaPPer catalog
G.Hurier1
1 Centro de Estudios de Física del Cosmos de Aragón (CEFCA),Plaza de San Juan, 1, planta 2, E-44001, Teruel, Spain
e-mail: hurier.guillaume@gmail.com
Preprint online version: April 17, 2019
Abstract
The accurate determination of the galaxy cluster mass-observable relations is one of the major challenge of modern astrophysics
and cosmology. We present a new statistical methodology to constrain the evolution of the mass-observable relations. Instead of
measuring individual mass of galaxy clusters, we only consider large scale homogeneity of the Universe. In this case, we expect the
present galaxy cluster mass function to be the same everywhere in the Universe. Using relative abundance matching, we contraint the
relation between the richness, λ(z), and the expected present mass, M(t0), of galaxy clusters. We apply this approach to the redMaPPer
galaxy cluster catalogue in 10 redshift bins from z = 0.1 to 0.6.
We found that the λ(z)-M(t0) relation is not evolving from z = 0.1 to 0.4, whereas it starts to significantly evolve at higher redshift.
This results implies that the redMaPPer richness appears to be a better proxy for the expected present-day galaxy cluster mass than
for the mass at the observational redshift.
Assuming cosmology and galaxy cluster mass accretion history, it is possible to convert M(t0) to the mass at the galaxy cluster redshift
M(tz). We found a significant evolution of the λ(z)-M(tz) over all the covered redshift range. Consequently, we provide a new redshift-
dependent richness-mass relation for the redMaPPer galaxy cluster catalogue. This results demonstrates the efficiency of this new
methodology to probe the evolution of scaling relations compared to individual galaxy cluster mass estimation.
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1. Introduction
Galaxy clusters are the largest gravitationally bound structures
in the Universe. Their observation is allowed by several probes:
over-density of galaxies (Wen et al. 2012; Rykoff et al. 2014),
weak lensing produced on background galaxies (Heymans et al.
2012; Erben et al. 2013), X-ray emission produced by the hot
gas of electrons within galaxy clusters through Bremsstrahlung
radiation (Böhringer et al. 2001), and the thermal Sunyaev-
Zel’dovich (tSZ) effect on the cosmic microwave background
(CMB) produced by the same population of electrons (Sunyaev
& Zeldovich 1972).
Galaxy clusters are now widely used as a cosmological
probe, using: galaxy cluster number count (Hasselfield et al.
2013; Reichardt et al. 2013; Planck Collaboration results XX
2014; de Haan et al. 2016), angular power spectra in auto and
cross-correlation (Planck Collaboration 2015 results XXII 2016;
Hurier 2015; Hurier et al. 2015, 2017), or higher order statistic
such as the bispectrum (Hurier & Lacasa 2017).
The main limitation in the exploitation of galaxy clusters
as cosmological probe is the accurate determination of the
mass-observable relations (Planck Collaboration results XX
2014; Hurier et al. 2015; Hurier & Lacasa 2017). The identifi-
cation of galaxy clusters through over-densities of galaxies in
photometric survey is the oldest detection method. However, the
calibration of the relation between optical richness and the mass
of galaxy clusters remain a complex problematic (Koester et al.
2007; Saro et al. 2015; Andreon 2016; Farahi et al. 2016; Simet
et al. 2017; Geach & Peacock 2017; Murata et al. 2018).
Several methods exist to determine galaxy cluster mass, in-
cluding X-ray temperature (Ettori et al. 2002), cluster velocity
dispersion (Allen et al. 2011), tSZ effect on the cosmic mi-
crowave background (Planck Collaboration early results XI
2011; Planck Collaboration early results XII 2011), and weak
lensing (Schneider 2005; Melin & Bartlett 2015).
All of these approach present advantages and drawbacks. If the
weak lensing allows to directly probe the total mass of galaxy
clusters, its utilization for the mass-richness relation usually
require large samples of galaxy clusters (see e.g., Geach &
Peacock 2017) or is limited to very massive galaxy clusters (see
a.g., Andreon & Congdon 2014).
The calibration of the mass-richness relation is challenging, con-
sequently the study of its evolution have been only marginally
studied so far. For very massive galaxy clusters, Andreon &
Congdon (2014) didn’t find any significant evolution of the
mass-richness relation.
In this work, we use the redMaPPer (Rykoff et al. 2014) cat-
alogue to study the mass-richness relation evolution from z =
0.1 to 0.6. Instead of trying to infer the individual mass of each
galaxy cluster, we present a new statistical method to produce
a cosmology-dependent evaluation of the mass-observable rela-
tion evolution.
The paper is organized as follows: in Sect. 2 we present the
galaxy cluster mass function for the redMaPPer catalogue. Then
in Sect. 3, we present the statistical approach for the evaluation
of the mass-richness relation evolution. Finally, in Sect. 4, we
present the results for the redMaPPer galaxy cluster catalogue.
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2. The redMaPPer galaxy cluster mass function
Figure 1. Mass function of the redMaPPer galaxy clusters in 10
redshift bins from z = 0.1 to 0.6 as a function Mλ(tz).
Under the assumption that the Universe is homogeneous, we
expect the present day galaxy cluster mass function to be the
same at all locations in the Universe. We use the redMaPPer
galaxy cluster catalogue (Rykoff et al. 2014) composed of 26111
galaxy over-densities detected over ∼ 10500 deg2. A key param-
eter of the redMaPPer catalogue is the richness, λ, which gives
an estimate of the number of cluster member galaxies. The num-
ber of cluster members is expected to scale with the galaxy clus-
ter total mass. Consequently, we expect to find a tight relation
between λ and the galaxy cluster mass. This relation have been
calibrated by previous studies. Using the mass-richness relation
calibrated by Geach & Peacock (2017), we convert redMaPPer
richness, λ, into estimated mass, Mλ(tz). Then, we constructed
mass functions in 10 redshift bins from z = 0.1 to 0.6 as a func-
tion Mλ(tz), with mass bins of ∆log10Mλ = 0.1. We estimated
the uncertainties by assuming Poisson statistic.
Galaxy clusters are weighted by their corresponding purity and
completeness (Rykoff et al. 2014) accordingly to their rich-
ness and redshift. We compute the redshift dependent comoving
volume assuming Planck-CMB best fitting cosmology (Planck
Collaboration results 2018 VI 2018).
In Table 2 we present the minimum mass considered for the
construction of the mass functions as a function of the redshift
to avoid significant completeness issues at low-mass and high-
redshift.
On Fig. 1, we present the 10 mass functions derived from z = 0.1
to 0.6. The mass functions are surprisingly nearly invariant with
redshift, whereas in a standard cosmological scenario, we ex-
pect to see less massive galaxy clusters at high-redshift com-
pared to low-redshift due to the growth of structures. In the
present case, we even see that at z ' 0.5 galaxy clusters with
log10Mλ(tz) = 14.7 have a higher number density than clusters
of the same mass at low redshift.
Using tSZ galaxy clusters (Planck Collaboration 2015 results
XXVII 2016), it has been recently shown that galaxy cluster
number density is following the expected evolution with redshift
(Hurier 2019).
This result implies that the λ(z)-Mλ(tz) relation evolves signifi-
cantly with z.
To illustrate this evolution, we compute the expected present-day
mass of redMaPPer galaxy cluster assuming Geach & Peacock
Table 1. Redshift bin used for computing the galaxy clus-
ter mass functions. The mass log10Mλ,min(z, tz) gives the mini-
mum mass considered for the mass function to avoid complete-
ness issues, log10Mλ,min(z, t0) provide the same information for
the expected present-day galaxy cluster mass function assum-
ing Planck-CMB cosmology and mass accretion history from
(Correa et al. 2015).
# zmin zmax log10Mλ,min(tz) log10Mλ,min(t0)
1 0.10 0.15 14.3 14.4
2 0.15 0.20 14.3 14.4
3 0.20 0.25 14.3 14.4
4 0.25 0.30 14.3 14.4
5 0.30 0.35 14.3 14.4
6 0.35 0.40 14.3 14.5
7 0.40 0.45 14.4 14.6
8 0.45 0.50 14.5 14.7
9 0.50 0.55 14.6 14.8
10 0.55 0.60 14.6 14.9
(2017) scaling relation, Planck Collaboration results 2018 VI
(2018) cosmology, and Correa et al. (2015) mass accretion his-
tory parametrization:
M(tz) = M(t0)(1 + z)α f ((t0))e− f (M(t0))z, (1)
α = 1.686 × (2/pi)1/2 dD
dz
|z=0 + 1, (2)
f (M) = 1/
√
S (M/q) − S (M), (3)
q = 4.137z˜−0.9476f , (4)
z˜ f = −0.0064 × (log10M(t0)2) + 0.0237 × (log10M(t0))
+ 1.8837, (5)
Where,
S (M) =
1
2pi2
∫
P(k)W2(k,R)k2dk, (6)
with P(k) the linear power spectrum of the matter distribution
and W(k,R) the Fourier transform of a top hat window function
of radius R corresponding to the mass M.
From this mass accretion history, we derive the expected
present-day mass, Mλ(t0), for all redMaPPer galaxy clusters.
We compute again the galaxy cluster mass function for the 10
redshift bins as a function of Mλ(t0).
On Fig. 2, we present the redMaPPer galaxy cluster mass
function for Mλ(t0). In an homogenous Universe, if the λ-M
relation was independent of the redhift, these mass-functions
should be the same at all redshift. However, we observe a
significant evolution of the these mass functions, which implies
that the λ(z)-Mλ(tz) scaling relation is strongly evolving with
redshift and that this relation cannot be properly described with
a redshift independent scaling relation.
3. Relative abundance matching
Considering that the relation λ-Mλ(tz) from Geach & Peacock
(2017) is already close to provide number density matching for
the galaxy cluster mass functions, it implies that λ(z) is in fact a
good proxy for the expected Mλ(t0)1.
1 The mass functions at various redshift are expected to match when
expressed as a function of Mλ(t0).
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Figure 2. Mass function of the redMaPPer galaxy clusters in 10
redshift bins from z = 0.1 to 0.6 as a function Mλ(t0).
In the following, we assume that the λ(z)-Mλ(t0) logarithmic
scatter is invariant with redshift2. We now aim at providing a
measure of the λ(z)-Mλ(t0) relation evolution by performing rel-
ative abundance matching between the mass functions at various
redshifts.
For each redshift bin we consider a scaling relation of the form,
log10Mλ(t0) = α(z) log10
(
λ(z)
λ0
)
+ log10M0(z), (7)
with λ0 = 40, log10M0 the pivot mass and α the slope of the
mass-richness scaling relation.
We chose to express the richness-mass as a function of Mλ(t0)
considering that this is the quantity we are matching when
performing relative abundance matching. It is worth noting that
the relative abundance matching of the galaxy cluster mass
function only allows to probe the scaling law evolution but does
not allows an absolute calibration of this relation, unless we are
assuming a theoretical mass function parametric form (see e.g.,
Tinker et al. 2008; Watson et al. 2013).
Instead, we used the redshift bin [0.40, 0.45[ as the arbitrary
reference mass function, and we adjust log10M0(z) and α(z) to
obtain a match of the mass functions, dn/dMλ, at all redshift.
Finally, we calibrate the λ(z)-Mλ(t0) relation by converting
Mλ(t0) into Mλ(tz) assuming Planck-CMB cosmology, the mass
accretion history from Correa et al. (2015), and by imposing
that the average λ(z)-Mλ(tz) scaling relation follows the result of
Geach & Peacock (2017).
4. Results
In Table 3, we list the values for the scaling relation parameters
α(z) and log10M0(z). We stress that this scaling laws yields for
the mass at z = 03 and are therefore not providing directly the
mass at the redshift of the clusters. Consequently, to derive the
proper masses at the galaxy cluster redshift, Mλ(t0) has to be
converted into Mλ(tz) using Correa et al. (2015) mass accretion
2 In this case, the convolution of the mass function induced by the
scatter is the same for all redshift bins.
3 By performing abundance matching we are matching the number
density of objects, a criteria which only apply if the masses are all ex-
pressed for the same moment of the Universe history.
Table 2. Best fitting parameters for the λ-Mλ(t0) scaling relation
as a function of galaxy cluster redshift. These results are cosmol-
ogy dependent and assume Planck Collaboration results 2018 VI
(2018) best fitting cosmology, Correa et al. (2015) mass accre-
tion history, and Geach & Peacock (2017) overall normalization.
# zmin zmax α ∆α log10M0 ∆log10M0
1 0.10 0.15 1.24 0.17 14.68 0.09
2 0.15 0.20 1.23 0.12 14.67 0.06
3 0.20 0.25 1.23 0.10 14.67 0.05
4 0.25 0.30 1.23 0.09 14.65 0.05
5 0.30 0.35 1.17 0.07 14.63 0.04
6 0.35 0.40 1.17 0.06 14.66 0.03
7 0.40 0.45 0.90 0.05 14.57 0.03
8 0.45 0.50 1.01 0.09 14.62 0.04
9 0.50 0.55 0.82 0.14 14.56 0.07
10 0.55 0.60 0.80 0.19 14.50 0.08
history.
Figure 3. Slope of the richness to present-day mass relation λ(z)-
Mλ(t0) as a function of the galaxy cluster redshift. Black sample
shows the values derived from relative abundance matching on
the RedMaPPer galaxy cluster catalogue. The solid red curve
shows the best adjustment of this evolution with a parametric
function, see the text for more details.
On Fig. 3, we show the best fitting values of α as a function
of z for the λ(z)-Mλ(t0) scaling relation (see Eq. 7). The stability
of this relation from z = 0.1 to 0.4 shows that redMaPPer rich-
ness λ(z) is a better proxy of galaxy cluster expected present-day
mass than of the galaxy cluster mass at their observational red-
shift, Mλ(tz). The rapid evolution of α at z > 0.4 is most likely
induced by selection effect over the observed galaxies in SDSS
survey.
We found that the redshift evolution of α is well fitted by the
parametric function,
α =
1.29
(1 + z3.04)3.52
, (8)
which reproduce fairly the evolution of α for z ∈ [0.1, 0.6[. It
is worth noting that α is always bigger than the slope of Geach
& Peacock (2017) mass-richness relation. It is explained by the
mass dependance of the mass accretion history that is not just
affecting the scaling relation normalization but also the slope of
3
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the scaling relation.
Figure 4. Pivot mass of the richness to present-day mass relation
λ(z)-Mλ(t0) as a function of the galaxy cluster redshift. Black
sample shows the values derived from relative abundance match-
ing on the RedMaPPer galaxy cluster catalogue. The solid red
curve shows the best adjustment of this evolution with a para-
metric function, see the text for more details.
On Fig. 4, we present the redshift evolution for the λ(z)-Mλ(t0)
relation pivot mass, log10M0. We observe that the log10M0 evolu-
tion is strongly correlated to the evolution of α. This correlation
is induced by the intrinsic correlation of the parametric form of
the scaling relation4.
More specifically, the evolution of the pivot mass as function of
redshift shows that a non-evolving richness-mass relation will
tend to over-estimate the mass of high-z galaxy clusters and
under-estimate the mass of nearby objects, which leads to the
mass functions presented on Fig. 2.
We found that the pivot mass evolution is well adjusted by the
following parametric function
log10M0 = 14.69 ×
[
1 − exp(5.36 z − 7.48)] , (9)
for z ∈ [0.1, 0.6[.
5. Conclusion
We have presented a new cosmology-dependent statistical
approach to evaluate the redshift evolution of mass-observable
relations.
We applied this technic to the redMaPPer galaxy cluster cata-
logue to measure the evolution of the mass-richness relation.
Contrary to previous work (Andreon & Congdon 2014), we ob-
serve a clear evolution of the richness-mass relation. This results
illustrates that redshift-independent mass-richness relations are
not providing satisfying estimation of the galaxy cluster mass. It
also demonstrates the efficiency of relative abundance matching
for the determination of mass-observable relation evolution
when using large sample of galaxy clusters.
We found that the redMaPPer richness appears to be a better
proxy for the expected present-day mass, Mλ(t0), than for the
4 The amount of correlation depends on the choice of the pivot rich-
ness, λ0.
mass at the observation redshift, Mλ(tz).
Assuming Planck Collaboration results 2018 VI (2018) cosmol-
ogy, Correa et al. (2015) mass accretion history, and Geach &
Peacock (2017) overall normalization we provide a new redshift
evolving richness-mass relation for Mλ(t0). Then, this relation
can be converted into a λ(z)-Mλ(tz) relation using accretion
history of galaxy clusters. We stress that the λ(z)-Mλ(t0) overall
calibration is cosmology dependent as it assumes already
a Mλ(t0) to Mλ(tz) conversion. Whereas, the constraints on
the evolution of the mass-richness relation only depend on
cosmology through the considered redshift to comoving volume
relation.
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